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Evaluation of Flight Equipment Acceleration
Caused by Random Vibration Loads

Romualdo Ruotolo¤ and Massimiliano Cotterchio†

Politecnico di Torino, 10129 Turin, Italy

The current approach to the evaluation during the preliminary design phase of random vibration loads acting
on � ight equipment is based on the use of Miles’s equation, assuming the component as a single-degree-of-freedom
system subjected to white noise excitation; usually this technique provides too many conservative results with
respect to actual accelerations recorded during the � ight. In contrast, an accurate evaluation of equipment accel-
eration can be obtained by running a complete random vibration analysis through a � nite element program, e.g.,
NASTRAN, but because this approch is extremely time comsuming it cannot be applied during the design cycle.
The aim here is to describe an accurate and cost-ef� cient procedure to evaluate the acceleration of components
installed on aerospace structures subjected to random vibrations. Several numerical examples and comparisons
with results obtained with NASTRAN complete the work.

Nomenclature
Ra.!/ = input acceleration
fFr g = reaction forces
f f g = excitation for the coupled structure
fc; !c = hard-mountednatural frequencyof thecomponent
[K ] = stiffness matrix of the secondary structure
kc = stiffness of the connection between component

and secondary structure
L j = modalparticipationfactorof the coupledstructure
[l] = modal participation factors of the secondary

structure
[M ] = secondary structure mass matrix
[Mc] = mass matrix related to the component
[ NMc] = [Mc] partitioned
Meff;1 = effective mass of the dominant mode
mc = mass of the component
N = number of modes of the secondary structure
Q = quality factor
Qeff = effective ampli� cation factor
Qeff;TC = Qeff for the tuning condition between

component and secondary structure
fqg = generalized coordinate of elastic modes
fqr g = translational displacementof the interface
r j = generalized coordinate of the coupled structure
S.!/ = input power spectral density
Syc. f / = acceleration power spectral density

of the connection point
fVcg = mass vector related to the component
f NVcg = fVcg partitioned
fyg = degrees of freedom (DOFs) of the secondary

structure
yc = displacementof the connection point
fyi g = internal DOFs of the secondary structure
fyr g = grounded DOFs of the secondary structure
± = relative displacementof the component, ±a yc

±a = absolute displacement of the component
³ = damping ratio
[3] = eigenvalue matrix (diagonal) of the secondary

structure
¹ = ratio between the component and the secondary

structure mass
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¾yc = standard deviation of the acceleration
of the connection point between
component and secondary structure

¾± = standard deviation of the absolute acceleration
of the component

[8] = mode shapes of the secondary structure
[8rr]; [8ir] = translationalmatrices
8yc;1 = mode shape of the dominant mode for the

secondary structure, evaluated at the connection
point with the � ight equipment

[9] = mode shapes of the coupled structure
!2

j = eigenvalues of the coupled structure

Subscripts and Superscripts

c = component
i = i th internal DOF of the secondary structure
j = number of eigenmodes of the coupled system
r = r th grounded DOF of the secondary structure

I. Introduction

T HE structural design of payload, their components, and their
supporting structures requires the estimation of various types

of loads that act upon them during service. There are three basic
typesof � ight environmentsthat generatedynamic loadson payload
components1: 1) low-frequency dynamic response of the launch
vehicle and payload to transient � ight events, 2) high-frequency
random vibration environment transmitted from the launch vehicle
to the payload,and 3)high-frequencyacousticpressureenvironment
inside the cargo bay.

During both liftoff and the ascent � ight, the launch-vehiclethrust
produces loads that are transmitted through the structure.Moreover
acousticexcitationis producedboth by the engineexhaust,when the
vehicle is still in proximity of the launchpad, and by aerodynamic
disturbances. These loads give rise to random vibrations that are
transmitted to the primary structure of the payload and, through
the supporting structures (or secondary structures, e.g., mounting
frames), to the � ight equipment (e.g., electronic boxes, batteries,
scienti� c instruments).

The vibration level of components must be determined in order
to ensure the integrity of the entire system. During the preliminary
design, engineers use a random spectrum (derived from the de-
sign random vibration environment enveloping the maximum input
spectra for every secondarystructure) as excitationto the supporting
structure in order to calculate its dynamic responseat the locationof
the componentin terms of power spectraldensity Syc. f /. Moreover,
they use this information in order to determine envelopecurves that
bound the acceleration for the components, depending mainly on
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the componentweight as shown by the so-called“mass acceleration
curve.”2

During the preliminary design phase, the component is repre-
sented as a single-degree-of-freedom (DOF) system with a known
mass, and random vibration loads are taken into account by using
equivalent quasi-static loads or load factors.3 According to Ref. 1,
at this stage of the design process the current approach to evaluate
the component acceleration is to use the Miles equation4 assuming
the component as a single-DOF system subjected to white noise
excitation:

R±a D
p

¼ fc Syc. fc/Q=2 (1)

where Syc. f / is the power spectral density of the acceleration at
the component-secondary structure interface and fc is the natural
frequency of the component when its base is assumed to be � xed
(i.e., component in hard-mountedcondition). Q is the dynamic am-
pli� cation factor, and for most components the value 10 should be
used if no test data are available for all three directions.3

Because of the unmodeled dynamic coupling between the sec-
ondary structure and the component, the acceleration provided by
Miles’s equation is higher than the correspondingoperationalaccel-
eration, giving an excessive conservatism in the designed compo-
nentsand brackets.In general, there is a need to reducesuch margins
and developmore accurateproceduresarrivingat load estimates that
are adequately but not excessively conservative5; indeed, when the
predictive random loads are too high, they lead to dif� cult design
problems.6 As a consequence,an alternativeapproach is required in
order to determinea more accurateestimationof operationalrandom
loads acting on � ight equipment.

An accurate estimate for loads can be obtained by running a ran-
dom vibrationanalysis throughthe � nite elementmethod (FEM). In
particular, Thampi and Vidyasagar in Ref. 6 demonstrated, by ana-
lyzing a speci� c subsystem for the Spacelab, that Miles’s equation
givesan estimateof the accelerationhigherthan the correctvalueob-
tained by runninga random vibrationanalysis through NASTRAN.
Even if the use of NASTRAN can solve the problemof determining
an accurate estimate for the componentacceleration, it is necessary
to underline that this calculation requires an extensive computation
time. As a result, this approach is not feasible during the design
cycle, and more simple techniques are needed.

In Ref. 5 Mehta et al. addressed this problem by analyzing a
typical component of a payload and its support structure modeling
the coupled structure as a two-DOF system and comparing results
obtained both using the Miles equation and solving the coupled
equations.Their studydemonstratedthat resultsprovidedby Miles’s
equation are excessively conservative in a number of cases and in
particular when the system damping and/or modal masses increase
and when the system has a multimode participation.

A similar problem was addressed by Ceresetti,7 who proposed
a very ef� cient procedure to determine the component acceleration
when the secondarystructurehas one dominant mode. By analyzing
a two-DOF system,Ceresettidemonstratedthat the trendof the mass
accelerationcurve, determinedusually by collecting � ight data, has
a mathematical justi� cation. Moreover, he introduced the so-called
“effective ampli� cation factor”:

Qeff D ¾±=¾yc

to determinethe accelerationof the secondarystructureas a function
of a number of parameters (its hard-mounted natural frequency,
damping ratio, and mass ratio ¹).

Random vibrationtesting is usually recommended to verify func-
tion of electronic equipment, close tolerance moving devices and
optical equipment,3 and must be performed by exciting the � ight
equipment at its base with a power spectral density function as
close as possible to that actually present during the � ight. As a con-
sequence,whendirectmeasurementsarenot availableit is necessary
to predict this input spectrum based on a known forcing environ-
ment and structure’s characteristics.Moreover, as shown in Ref. 8
by Scharton, it is necessary to take into account the dynamic cou-
pling between the � ight equipment and its supporting structure to

avoid overtesting. As a result, a method allowing the quick estima-
tion of the acceleration at the mounting location of the component
is desired for vibration testing too.

The aim of this paper is twofold: � rst, to propose an approach
computationally less involved with respect to the use of a direct
FEM solutionfor randomvibrationanalysisand, second,to take into
consideration the main properties of the secondary structure (e.g.,
the presence of several important modes). In the next section this
approach is brie� y introduced and then the � ight equipment accel-
eration derived.In Sec. III it is applied to determine the acceleration
of a component connected to a truss structure, and corresponding
results are compared with those obtained by using NASTRAN.

II. Flight Equipment Acceleration Evaluation
A. Overview of the Proposed Method

The method proposed in this paper permits us to determine an ex-
tremely accurate estimate for the acceleration of a � ight equipment
connectedto a secondarystructure,as shown in Fig. 1. It is assumed
that the secondary structure is connected to the primary structure so
that the motion of the latter becomes the excitation for the former.
Figure 2 shows that only rigid translations of the interface between
secondary and primary structure are considered in this study so that
the dynamic response of the secondary structure is obtained by su-
perimposing its rigid-body motion, as a result of the movement of
the interface, to its elastic oscillations with respect to the interface.

In the next section it is demonstrated that this approach requires
few properties of the secondary structure grounded at the interface
with the primary structure: natural frequencies, the corresponding
mass-normalizedmode shapes (evaluatedat the connectionpoint of
the considered� ightequipment), and themodalparticipationfactors
caused by base excitation.

Provided that the modal properties of the grounded secondary
structure are already known, the evaluation of the � ight equipment
acceleration is performed in few steps. It follows that the dynamic
properties of the grounded secondary structure can be evaluated

Fig. 1 Flight equipment connected to the supporting structure and the
input random vibration.

Fig. 2 Translational mo-
tion transmitted to the sec-
ondary structure.
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only once at the beginning of the procedure and can be used sev-
eral times to couple to this secondary structure a family of � ight
equipments, e.g., at different locations, with different mass, and/or
different rigidity of the connection.

The highcomputationalef� ciencyof this techniqueallowsa para-
metric analysis by sweeping the hard-mountednatural frequencyof
the component. As a result, because the obtained acceleration de-
pends on this parameter as well as on the mounting location on the
supporting structure this method permits optimization runs aimed
at mass saving. Finally, at the end of the next section it is shown
that the power spectral density of the acceleration at the base of
the equipment can be easily derived so that engineers involved in
component vibration testing can take advantage of this procedure
too.

B. Derivation of the Component Acceleration
Figure 1 shows a componentofmass mc connectedto a secondary

structure.It is assumed that a FE modelof the latter structureis avail-
able so that [K ] and [M ] are its stiffness and mass matrices, respec-
tively. By denoting with fyg the DOFs of the secondary structure,
its potential energy can be written as

Us D 1
2
fygT [K ]fyg (2)

and its kinetic energy is

Ts D 1
2
f PygT [M ]f Pyg (3)

Because this procedure is aimed at the preliminary evaluationof
the acceleration of the � ight equipment, it is assumed that its mass
mc is connectedto only one DOF of the secondarystructure,denoted
with yc , through a spring with stiffness kc. As a result, by calling
± the relative displacement of the component with respect to the
secondary structure the potential energy of deformation related to
the spring is

Uc D 1
2
kc±

2 (4)

and the kinetic energy of the component is given by

Tc D 1
2
mc. P± C Pyc/

2 (5)

As a consequence, the total potential and kinetic energies are

U D 1
2
fygT [K ]fyg C 1

2
kc±

2

T D 1
2
f PygT [M ]f Pyg C 1

2
mc. P± C Pyc/

2 (6)

permitting the determination of the stiffness and mass matrices of
the coupled structure. Indeed, by introducing [Mc], which is a null
matrix with the exception of the element on the yc th row and col-
umn, and fVcg, which is a null vector with the exception of the ycth
element, Lagrange’s equationscan be used to evaluate the mass and
stiffness matrices of the complete structure:

[MT ] D
µ

[M] C [Mc] fVcg
fVcgT m c

¶
; [KT ] D

µ
[K ] f0g
f0gT kc

¶
(7)

Usually the secondary structure supporting the component is ex-
cited through the connection to the primary structure so that its dy-
namic response can be calculated by following the same procedure
used in Ref. 9 to deal with base-excitedsystems. As a consequence,
the DOFs of the secondary structure can be split into internalDOFs

fyi g and grounded DOFs fyr g, giving rise to the following equation
of motion that highlights the partitioned matrices:
2

4
[Krr] [Kri] f0g
[K ir] [K ii] f0g
f0gT f0gT kc

3

5

8
<

:

fyr g
fyi g
±

9
=

; C

2

4
[Mrr] [Mri] f0g
[Mir] [Mii] C [ NMc] f NVcg
f0gT f NVcgT mc

3

5

8
<

:

f Ryr g
f Ryi g

R±

9
=

; D

8
<

:

fFr g
f0g
0

9
=

; (8)

In this equation it is assumed that the component is connected to an
internal DOF so that matrix [Mc] and vector fVcg have been parti-
tioned accordingly, giving [ NMc] and f NVcg, respectively. Moreover,
this equation shows that there is not any force acting on both the
component and any internal DOF of the secondary structure, i.e.,
the excitation is transmitted through base motion and only reaction
forces fFr g are present.

According to Ref. 9, in the following it is assumed that the inter-
face to the primary structure is whether isostatic or in� nitely rigid
so that the interface motion can be described by only three DOFs,
as shown in Fig. 2: translations along x; y; and z directions (the
correspondingthree rotations are not consideredin this study). As a
consequence, the movement of the secondary structure is given by
the superposition of the rigid-body motion caused by the interface
to the primary structureand the elasticmovementwith respect to the
interface. The last motion is expressed by taking advantage of the
elastic modes of the secondary structure � xed at the interface. As a
result, the following transformationof variables can be applied:

8
<

:

fyr g
fyi g
±

9
=

; D

2

4
[8rr] [0] f0g
[8ir] [8] f0g
f0gT f0gT 1

3

5

8
<

:

fqr g
fqg
±

9
=

; D [T ] ¢

8
<

:

fqr g
fqg
±

9
=

; (9)

where fqr g is a three-elementvector collecting the translationaldis-
placementsof the interfacealong x; y; and z directions.As a result
[8rr] and [8ir] are matrices collecting zero and unity elements ac-
cordingto the DOFs orientationas describedin Ref. 9. Furthermore,
[8] is the matrix containing the structure mode shapes, and fqg are
the corresponding generalized coordinates that are solution of the
eigenvalue problem related to the secondary structure where all of
the DOFs of the interface are eliminated:

.[K ii] 3 j [Mii]/f8 j g D f0g (10)

and satisfy the following two conditions:

[8]T [K ii][8] D [3]; [8]T [Mii][8] D [I ] (11)

with [I ] the identity matrix and [3] a diagonal matrix containing
the eigenvaluesof the constrained secondary structure.

To determine the dynamic responseof the whole structure to base
excitation,it is possibleto introduceEq. (9) into Eq. (8) and multiply
the latter equation times [T ]T so that three equations are derived.10

If the base excitationfqr g is known, the second and the third of these
equations can be used to evaluate the dynamic response of both the
secondary structure and of the component, while the � rst is used to
calculate the reaction forces to the structure motion.

A compact expression can be obtained by recalling properties
(11) and that any rigid displacement applied to a structure does not
produce any reaction force, so that

[Krr][8rr] C [Kri][8ir] D [0]; [K ir][8rr] C [K ii][8ir] D [0]

According to these simpli� cations and considering the base ex-
citation as the input to the whole structure, the second and third
equations of the system become
µ

[3] f0g
f0gT kc

¶ »
fqg
±

¼
C

µ
[I ] C [8]T [ NMc][8] [8]T f NVcg

f NVcgT [8] mc

¶ »
f Rqg
R±

¼

D
µ

[l] C [8]T [ NMc][8ir]

f NVcgT [8ir]

¶
f Rqr g (12)
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where the modal participation factors matrix [l] related to base ex-
citation of only the secondary structure is de� ned as

[l] D [8]T .[Mii][8ir] C [Mir][8rr]/

To determine the dynamic response of the whole structure, it is
possibleto solve the forced equation(12) by using modal superposi-
tion. As a consequence,� rst the homogeneoussystem of equations
in (12) is solved to determine the eigenvalues!2

j and corresponding
mass-normalized eigenvectors f9 j g of the complete structure. By
introducing the generalized coordinates frg of the complete struc-
ture (i.e., the component connected to the secondary structure con-
strained at the interface) given by

»
fqg
±

¼
D [9]frg (13)

into Eq. (12) and multiplying the resulting equation times [9]T ,
each generalized coordinate r j can be evaluated taking advantage
of the orthogonality of mode shapes with respect to both the mass
and stiffness matrix of the complete system:

r j D
f9 j gT f f g

!2 C !2
j C 2i³!! j

(14)

where

f f g D
µ

[l] C [8]T [ NMc][8ir]

f NVcgT [8ir]

¶
f Rqr g (15)

and a viscous damping ratio ³ has been introduced to represent as
accurately as possible the dynamic response of real structures.

Effective masses11 14 play a central role in the evaluation of the
dynamic response of structures excited by ground motion, allowing
the determinationof the most excited elastic modes. With the effec-
tive masses matrix of the secondary structure given by [l]T [l] and
matrix [l] present in expression(15), this informationcan be used in
this procedure too in order to select the most importantmodes of the
secondary structure that must be consideredduring the acceleration
evaluation, as shown in the next section.

Usually the excitation to the secondary structure is de� ned in
termsof a singleshapein frequency Ra.!/ so that the structuremotion
along x; y; and z directions contained in fqr g can be rewritten as

f Rqr g D

8
<

:

Rx

Ry

Rz

9
=

; Ra.!/ (16)

As a consequence, the modal participation factor of the coupled
structure is

f9 j gT f f g D L j Ra (17)

The dynamic response of the component to motions of the sec-
ondary structure can be determined by summing the contributionof
the modes of the complete structure:

±.!/ D
N C 1X

j D 1

9N C 1; j ¢ r j D
N C 1X

j D 1

³
9N C 1; j L j

!2 C !2
j C 2i³!! j

´
Ra .!/

(18)

where it has been assumed that the secondary structure has been
represented through N modes and that 9N C 1; j is the element of the
j th mode shape of the complete structure in correspondenceof the
component.

To determine the equipment acceleration, it can be assumed that
it is connected to the secondary structure through a spring and a
dashpot. As a result, the equation of motion of the component is

.kc C ic!/± C mc
R±a D 0

where c is the damping. This equation allows us to determine the
absolute acceleration when the relative displacement is known:

R±a D .kc C ic!/=mc ± D
¡
!2

c C 2i³!!c

¢
± (19)

where !c is the naturalcircular frequencyof the hard-mountedcom-
ponent and, becauseof the use of the proposedprocedureduring the
preliminary design phase, the damping of the component is written
in terms of the viscous damping ratio ³ .

By introducing Eq. (18) into Eq. (19), the absolute acceleration
of the component can be evaluated as

R±a.!/ D
N C 1X

j D 1

³
9N C 1; j L j

!2
c C 2i³!!c

!2 C !2
j C 2i³!! j

´
Ra.!/ (20)

When the base motion is a randomexcitation,it is known in terms
of power spectral density de� ned as15;16

S.!/ D lim
T !1

j Ra.!/j2

2¼T
(21)

where T is the duration of the process. Moreover, because the ex-
citation is random in nature only the standard deviation ¾± of the
response is important for the engineer: assuming a Gaussian proba-
bility density function for this random process, the maximum value
of the acceleration is usually considered as 3¾± (Ref. 3) or derived
as shown in Ref. 17. The variance ¾ 2

± of the absolute acceleration
of the component can be evaluated by recalling that15;16

¾ 2
± D lim

T !1

1
T

Z T=2

T =2

±2
a.t/ dt D lim

T !1

Z 1

1

jR±a.!/j2

2¼T
d!

D lim
T !1

2

Z 1

0

j R±a.!/j2

2¼T
d! (22)

and, by introducing expression (20) into (22),

¾ 2
± D 2

Z 1

0

­­­­­

N C 1X

j D 1

³
9NC1; j L j

!2
c C 2i³!!c

!2 C !2
j C 2i³!! j

´­­­­­

2

S.!/ d!

(23)
This relationclearlyshows that the accelerationof the component

depends on several parameters:
1) The damping ratio ³ is the parameter that is usually derived

during experimental vibration tests, and, according to Ref. 3, when
experimental data are not available can be � xed to 0.05, a typical
value for this kind of structures. It should be recalled that for lower
values of ³ the coupling terms arising in expression (23) as a result
of the square can be neglected,permitting to approximate the result
by a closed formula, as shown in Sec. 5.2 of Ref. 16. In contrast,
for values as high as 0.05 the result of the integral can be evaluated
only through numerical integration.

2)The naturalfrequencyof thehard-mountedcomponent!c is the
parameter that affectsheavily the dynamic response to randomexci-
tation; indeed,as demonstratedby the theoryon vibrationabsorbers,
if !c is close to a natural frequency of the secondary structure, the
acceleration of the component will be highest.

3) The mass of the component mc is the parameter that is present
in Eq. (12), affectingthe value of both natural frequenciesand mode
shapes of the complete structure.

4)Thepowerspectraldensityof theexcitationS.!/ is the function
that is usually limited in a given range of frequencies so that the
integral extends over a limited range.5

To summarize, in order to use Eq. (23) to determine the acceler-
ation of the component it is necessary to apply the following proce-
dure:

1) Run a normal mode analysison the FE model of the secondary
structure without the component in order to determine a) its natural
frequencies, b) corresponding modal participation factors l j;k for
baseexcitationalongk direction,andc)modeshapesat themounting
point of the equipment.

2) Fix the directions of the excitation, i.e., set values for
Rx ; Ry; and Rz .

3) Select the modes of the secondary structure having effective
masses greater than 1% of the structure total mass for the selected
directions.

4) Fix the component mass mc and its hard-mounted natural fre-
quency fc .
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5) Evaluate eigenvalues and eigenvectors of the homogeneous
equation (12).

6) Calculate the modal participation factors L j for the coupled
structure.

7) Determine the variance of the absolute acceleration of the
equipment by integrating numerically relation (23).

Finally, as stated in the introduction of this article, the proposed
procedureallowsus to determineeasily the accelerationpower spec-
tral density at the connection point between the equipment and the
supportingstructure,extremelyusefulinformationforvibrationtest-
ing. Indeed,theequationofmotionof theequipmentcanbe rewritten
as

.kc C ic!/.±a yc/ C mc
R±a D 0

permitting us to determine the relation between the acceleration of
the component and the acceleration at its base:

Ryc D !2 C !2
c C 2i³!!c

!2
c C 2i³!!c

R±a (24)

By introducingexpression(20) into (24), the accelerationat the base
can be rewritten as

Ryc.!/ D
N C 1X

j D 1

³
9N C 1; j L j

!2 C !2
c C 2i³!!c

!2 C !2
j C 2i³!! j

´
Ra.!/ (25)

and, similarly to the procedure permitting the determination of the
standard deviation of the dynamic response of the component, the
power spectral density of the acceleration at the mounting location
of the � ight equipment is

Syc.!/ D

­­­­­

N C 1X

j D 1

³
9N C 1; j L j

!2 C !2
c C 2i³!!c

!2 C !2
j C 2i³!! j

´­­­­­

2

S.!/

(26)

This last equation shows how to modify the input power spectral
density S.!/ to take into account both the dynamic properties of
the secondary structure and its dynamic coupling with the � ight
equipment. In particular, expression (26) con� rms that at the hard-
mounted natural frequencyof the component the accelerationof the
connection point is low.

III. Numerical Example
The proposed method has been used to evaluate the acceleration

of simulated components on the simple truss represented in Fig. 3
and consideredas a secondarystructure.Its overall length is 6 m, the
height1 m, everymember is builtup in aluminumwith Young’s mod-
ulus of 7 £ 1010 N/m2 , density of 2700 kg/m2 , and cross-sectional
area of 1 £ 10 3 m2 , so that its total mass is 71.5 kg. A quality factor
Q of 10 is used; moreover, the constrained secondary structure has
24 DOFs, whereas, as shown in the following, its dynamic response
caused by base excitationwill be determinedby using, at maximum,
eight modes. (Even if in a realistic structure the number of DOFs
present in the FE model is extremely large, usually few modes are
necessary to calculate the acceleration of the � ight equipment, as
shown in Ref. 10 in the analysis of some secondary structures of
node number 2 of the InternationalSpace Station.)

Natural frequencies and corresponding effective masses of the
� rst nine modes are listed in Table 1, showing that only one mode,
at 144.4 Hz, is dominant for an excitation along the x direction.
Conversely, most important modes for base excitation along the
y direction have natural frequencies of 22.5 and 91.9 Hz.

As a result, even if this supporting structure is very simple, when
it is excited along the y direction it is not possible to apply a method

Fig. 3 Supporting structure under analysis.

Table 1 Natural frequencies and corresponding effective
masses for the secondary structure under analysis

Mode Natural frequency, Effective mass Effective mass
no. Hz direction X, % direction Y, %

1 22.5 0.08 64.61
2 91.9 2.73 20.16
3 144.4 77.39 0.63
4 191.6 0.02 4.95
5 277.3 0.12 1.94
6 346.6 0.51 0.52
7 391.7 2.15 0.43
8 406.2 3.61 0.01
9 458.1 2.46 0.04

Table 2 Position and direction of the component
on the supporting structure, direction of the excitation

Case Direction Direction Considered
study Node excitation component modes

A 8 x x 2,3,7,8,9
B 8 y y 1,2,4,5
C 8 y x 1–5, 7–9
D 11 x x 2,3,7,8,9
E 11 y y 1,2,4,5
F 11 y x 1–5, 7–9

dealingwith a two-DOFsystem(onedescribingthe secondarystruc-
ture and the other representing the equipment), as in Refs. 5 and 7:
in this case a more re� ned technique is needed.

A. Parametric Analysis
Six case studies have been analyzed, A to F, according to Table 2

where modes of the secondary structure involved in the calculation
are shown. In every case it has been assumed that the component
is connected to a node of the supporting structure through a simple
spring,and its motion is permittedalongone directiononly.Further-
more, in casesA to C the componentis connectedat node8, whereas
in cases D to F it is connected to node 11 so that the in� uence of
the equipment location can be investigated. Finally, in cases A, B,
D, and E excitation and responsedirections are coincident,whereas
in cases C and F they are different.

To simulate the vibration transmission from the primary to the
secondarystructure,the latter has been subjectedto a base excitation
with power spectral density S. f / equal to 0.02 g2/Hz in the range
from 1 to 500 Hz. Moreover, it has been assumed that vibrationsare
transmitted to the secondary structure along whether direction x or
direction y.

To validate the coupled analysis procedure described in the pre-
ceding section, some comparisons have been performed with re-
sults obtained by running a complete random vibration analysis
with NASTRAN. The standard deviation of the absolute accelera-
tion of the equipment is listed in Tables 3 and 4 as a function of the
hard-mounted natural frequency of the equipment and of the ratio
¹ between the component and the secondary structure mass. The
corresponding values shown in Tables 3 and 4 are in close agree-
ment; the small differences are caused by the limited number of
modes of the supporting structure utilized by the proposed proce-
dure.Every run has a durationof about30 s for the complete random
vibration analysis on a workstation, whereas just 2 s are necessary
to determine the acceleration when the procedure proposed in the
preceding section is applied and the corresponding program is run
on a personal computer.

Figures 4–9 show the standard deviation of the absolute acceler-
ation R±a of the equipment for the six case studies as a function of
both the mass ratio ¹ and the hard-mounted natural frequency of
the component.

Figures 4 and 7 illustrate the accelerationfor both base excitation
and component orientation along the x direction and show that the
maximumdynamic responseof the componentis in correspondence
of the tuning condition between mode 3, with maximum effective
mass for the x direction,and the hard-mountednatural frequencyof
the equipment.
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Table 3 Comparison between component acceleration evaluated
by NASTRAN and by the present method (component at node 8)

¾± , g

Case study fc , Hz ¹ NASTRAN Present method

A 91.9 0.001 11.40 11.46
91.9 0.01 10.87 10.98

144.4 0.001 55.43 55.73
144.4 0.01 34.66 34.96
391.7 0.001 21.10 20.92
391.7 0.01 16.99 17.33
406.2 0.001 21.64 21.61
406.2 0.01 17.15 17.47
458.1 0.001 22.72 23.22
458.1 0.01 15.96 15.98

B 22.5 0.001 23.94 23.93
22.5 0.01 13.39 13.40
91.9 0.001 22.09 22.19
91.9 0.01 14.24 14.29

144.4 0.001 9.08 9.07
144.4 0.01 8.52 8.51
191.6 0.001 14.65 14.69
191.6 0.01 11.60 11.62
277.3 0.001 9.69 9.78
277.3 0.01 8.11 8.04

Table 4 Comparison between component acceleration evaluated
by NASTRAN and by the present method (component at node 11)

¾± , g

Case study fc , Hz ¹ NASTRAN Present method

D 91.9 0.001 8.64 8.68
91.9 0.01 8.56 8.61

144.4 0.001 34.09 34.24
144.4 0.01 27.26 27.39
391.7 0.001 23.98 24.12
391.7 0.01 15.58 16.14
406.2 0.001 25.30 25.09
406.2 0.01 16.06 16.40
458.1 0.001 19.27 18.61
458.1 0.01 14.54 14.12

E 22.5 0.001 10.58 10.55
22.5 0.01 8.94 8.93
91.9 0.001 20.23 20.32
91.9 0.01 13.51 13.57

144.4 0.001 6.74 6.78
144.4 0.01 6.44 6.48
191.6 0.001 6.00 6.09
191.6 0.01 5.80 5.89
277.3 0.001 12.40 12.51
277.3 0.01 8.34 8.40

A similar result is shownin Figs.5 and8,whereboth theexcitation
and the component are orientated along the y direction, even if in
these cases there are two maxima in the response,in correspondence
of modes number 1 and 2 of the secondary structure, that have
the maximum effective masses for y direction. Furthermore, it is
interesting to see that for the component located at node 8 the most
critical tuning condition is with the mode at 22.5 Hz, whereas for
location at node 11 the critical tuning condition is with the mode at
91.9 Hz: a result clearly related to the shape of modes 1 and 2.

Finally, Figs. 6 and 9 refer to case studies in which the direc-
tion of excitation and the component orientation are different, a
common situation for components mounted on the node 2 of the In-
ternationalSpace Station, giving rise, in several cases, to very high
accelerations.10 It must be emphasized that in these cases it is no
longer possible to determine few dominant modes according to ef-
fective masses listed in Table 1; as a result simple methods as those
proposed in Refs. 5 and 7 cannot be used. Conversely, the technique
proposedin this articleprovidesas accurateresultsas thoseobtained
for the other four case studies. In particular,Figs. 6 and 9 show that
there is a local maximum in the dynamic responseof the equipment
at every mode of the secondary structure.

Fig. 4 Component acceleration for case A.

Fig. 5 Component acceleration for case B.

Fig. 6 Component acceleration for case C.

Fig. 7 Component acceleration for case D.
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Fig. 8 Component acceleration for case E.

Fig. 9 Component acceleration for case F.

Fig. 10 Comparison of maximum accelerations for the six analyzed
case studies.

Results similar to those summarized in Figs. 4 to 9 are extremely
usefulduring the preliminarydesignphase,allowingus to determine
the most criticalconditionfor a componentof a givenmass ratio ¹ as
a functionof its hard-mountednatural frequency,i.e., of the stiffness
of the connectionwith the secondarystructure.As a consequence,it
is possible to determine the best stiffness of the connection in order
to minimize theaccelerationof theconsideredcomponent.From this
point of view and recalling the low computation time required by
this procedure, it permits optimization runs aimed at the reduction
of the dynamic load on the equipment and, as a consequence, to
save mass.

B. Envelope of the Acceleration
By plottinganenvelopeof themaximumdynamicresponsesof the

equipmentby sweepingthe natural frequency fc , as shown in Fig. 10
for all of the six case studies, the most critical mounting positionon
the secondary structure can be located: it is node number 8, with a
corresponding maximum standard deviation of the acceleration of
about60 g for a very light equipment.In contrast,accelerationlevels
in cases C and F, i.e., when excitation and component are oriented
along different directions, are very low.

The envelope shown in Fig. 10 is extremely similar to the mass
acceleration curve discussed in Ref. 2 and analyzed by Ceresetti in
Ref. 7. In the following it is demonstratedthat for very light compo-
nents, i.e., when ¹ ! 0, the asymptote of the curve is related to no
dynamic loadingcaused by the componentmotion on the secondary
structure; it follows that, in this case, the dynamic response of the
secondarystructurecan be determinedby neglectingthe presenceof
the � ight equipment. In contrast, the acceleration of the component
is calculated as a function of the accelerationof its connectionpoint
and considering its dynamic coupling with the secondary structure.

When the secondary structure has only one dominant mode, the
acceleration of the � ight equipment can be easily evaluated. In this
case the envelope curve has an asymptote whose value can be ob-
tained by applying the Miles equation to the secondary structure
and assuming that the component is tuned to the natural frequency
of the dominant mode.

In this case the maximum acceleration of the � ight equipment is
given by the acceleration of its connection point to the secondary
structure ¾yc times the effective ampli� cation factor under tuning
condition7:

¾± D Qeff;TC ¢ ¾yc

For very light componentsthe standarddeviationof the acceleration
of theconnectionpointcanbe calculatedbyusing theMiles equation
modi� ed according to the dynamic properties of the structure:

¾yc D j8yc;1j
p

Meff;1

p
¼ f1 S. f1/Q=2

where Meff;1 is the effective mass of the dominant mode for the
considered interface motion and 8yc;1 is its mass-normalizedmode
shape evaluated at the connection point with the � ight equipment.
For case A Meff;1 D 55:34 kg, 8yc;1 D 0:1715; f1 D 144:4 Hz,
S. f1/ D 0:02 g2/Hz, and Q D 10 so that ¾yc D 8:59 g.

Moreover, in Ref. 7 it is demonstrated that the maximum value
for the effective ampli� cation factor under tuning condition is 7.2
so that it follows ¾± D 7:2 ¢ ¾yc D 61:9 g. Figure 10 shows that this
is the value of the asymptote for case A.

To summarize, the preceding calculation demonstrates that for
light components and for cases A and D, i.e., when the secondary
structure has a single dominant mode, the coupled system behaves
as a tuned two DOF. In the other four cases the secondary structure
has, at least, two dominant modes so that Miles’s equation cannot
be used to determine the accelerationof the connectionpoint on the
secondary structure. Nevertheless, the physical meaning remains
unchanged, i.e., no dynamic loading caused by the component on
the secondary structure.

IV. Conclusions
In this article a procedure aimed at evaluating the acceleration

of components connected to a secondary structure is proposed. It is
useful during the preliminary design phase, in particular when 1)
a � nite element model of secondary structures is available, 2) only
the mass of the component is known, and 3) it is necessary to esti-
mate the maximum in-� ight acceleration.This result can be derived
througha parametricanalysisby sweepingthehard-mountednatural
frequencyof the component, a task that at the moment is extremely
expensive being based on several complete random vibration anal-
ysis run with NASTRAN. In constrast, as shown in the preceding
section, the proposed procedure allows us to run this parametric
study in very limited time, being based on modal superpositionand
coupled analysis.

It is well known that the application of the Miles equation pro-
vides an estimate of the equipment acceleration,which is 30–40%
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in excess with respect to the actual value. As a result, the main
advantage of the proposed procedure over this classical technique
is that it provides an accurate estimate of the acceleration of the
equipment, taking into consideration the dynamic behavior of the
secondary structure, e.g., the presence of several dominant modes,
as well as the mounting location.

As a side result, this techniquepermits us to determine easily the
power spectral density of the acceleration at the connection point
between the � ight equipment and the supporting structure, very
useful information during vibration testing of the component.

By envelopingdynamic responsecurves, this procedureallows us
to determine the equivalentof the mass accelerationcurve,2 i.e., the
maximum accelerationas a functionof the ratio ¹ between the mass
of the component and of the secondary structure. From this point
of view, even if transient loads are not considered, the presented
coupled analysis gives a mathematical justi� cation to the mass ac-
celeration curve that, usually, is derived from previous experience
and/or recorded � ight data as stated in Ref. 1.

Finally, thehighcomputationeffeciencyof thismethodopensnew
possibilities in terms of optimizing the stiffness of the connection
between the component and the supporting structure as well as the
mounting location, with the � nal aim of saving mass and reduce
costs.
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